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COABELIAN IDEALS IN N-GRADED LIE ALGEBRAS AND
APPLICATIONS TO RIGHT ANGLED ARTIN LIE ALGEBRAS
D. H. KOCHLOUKOVA AND C. MARTÍNEZ-PÉREZ
ABSTRACT. We consider homological finiteness properties FPn of certain N-
graded Lie algebras. After proving some general results, see Theorem A, Corol-
lary B and Corollary C, we concentrate on a family that can be considered as
the Lie algebra version of the generalized Bestvina-Brady groups associated to
a graph Γ. We prove that the homological finiteness properties of these Lie al-
gebras can be determined in terms of the graph in the same way as in the group
case.
1. INTRODUCTION
In this paper we study homological properties of certain N-graded Lie algebras.
Recall that a Lie algebra L is N-graded if L=⊕i≥1Li for Li such that [Li,L j]⊆ Li+ j
for i, j ≥ 1. If not otherwise stated the Lie algebras we consider are over a field K
of arbitrary characteristic.
In Section 2 we study homological finiteness properties of N-graded Lie alge-
bras L. Recall that a Lie algebra is of homological type FPm if the trivial U(L)-
module K has a projective resolution, where all projectives in dimension smaller
or equal to m are finitely generated. If such a projective resolution exists then there
is a free resolution with the same property. We note that a Lie algebra L is of type
FP1 precisely when L is finitely generated and if L is finitely presented (in terms
of generators and relations) then L is of type FP2. It is an open problem whether
there exist a Lie algebra that is of type FP2 but is not finitely presented. But by [22,
(2.13)] for N-graded Lie algebras the properties FP2 and finite presentability coin-
cide, see for more details Lemma 3.4. We show in Proposition 2.2 that N-graded
Lie algebras also behave like pro-p groups in the sense that L is of homological
type FPm if and only if Hi(N,K) is finite dimensional over K for every i ≤ m.
Using homological methods we show the following surprising result.
Theorem A. Let L = ⊕i≥1Li be an N-graded Lie algebra that is FPn such that
[L,L] = ⊕i≥2Li and M be a proper ideal of L such that [L,L] ≤ M. Then M is of
type FPn if and only if for every Lie subalgebra N of L of codimension one such
that M ⊆ N we have that N is FPn.
Since an N-graded Lie algebra L is of type FP1 (resp. FP2) if and only if it is
finitely generated (resp. finitely presented) Theorem A implies immediately the
following corollary.
Corollary B. Let L=⊕i≥1Li be an N-graded Lie algebra that is finitely generated
(resp. finitely presented) such that [L,L] = ⊕i≥2Li and M be a proper ideal of L
such that [L,L] ≤M. Then M is finitely generated (resp. finitely presented) if and
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only if for every Lie subalgebra N of L of codimension one such that M ⊆ N we
have that N is finitely generated (resp. finitely presented).
Theorem A together with a result of Wasserman [21], whose proof uses the
HNN-construction for Lie algebras, imply another surprising result.
Corollary C. Let L=⊕i≥1Li be an N-graded Lie algebra that is finitely presented
(in terms of generators and relations). Assume that [L,L] =⊕i≥2Li and that L does
not contain an ordinary non-abelian free Lie subalgebra. Then [L,L] is a finitely
generated Lie algebra.
There are examples of finitely presented metabelian Lie algebras L with infin-
itely generated [L,L] if char(K) 6= 2 (for example see Claim 1 from subsection 5.3
in [11] but such examples are not N-graded). Thus the hypothesis of Corollary C
that L is N-graded is indispensable.
Bestvina and Brady constructed in [3] groups of type FP2 that are not finitely
presented. For a finite graph Γ = (V (Γ),E(Γ)) (graphs are assumed to be without
loops or multiple edges all throughout the paper) the right angled Artin group GΓ
is generated by the vertices V (Γ) of Γ with relations [v1,v2] = 1, whenever v1 and
v2 are linked by an edge in E(Γ). The Bestvina-Brady group HΓ is the kernel of
the map GΓ → Z that sends every vertex to 1. Let ∆Γ be the flag complex of Γ,
i.e., the complex obtained from Γ after gluing a simplex to every clique (complete
subgraph) of V (Γ). By the main result in [3] HΓ is finitely presented if and only
if ∆Γ is 1-connected. A combinatorial proof of the backward direction was given
by Dicks and Leary in [7]. Furthermore by [3] HΓ is of type FPm if and only if
∆Γ is (m− 1)-acyclic. These results were later generalized to kernels of arbitrary
homomorphisms (often called real characters) G→ R by Meier, Meinert and van
Wyk ([16], see below).
A graph Γ as before also determines a Lie ring (over Z) defined as
gΓ = Fr(V (Γ))/〈〈[v,w] = 0 if v,w are end points of an edge from E〉〉,
where Fr(V (Γ)) is the free Lie ring (over Z) with a free basis the set V (Γ) and
〈〈R〉〉 denotes the ideal generated by R. The lower central series of a group G
yields a Lie ring gr(G) (over Z)
gr(G) =⊕k≥1γk(G)/γk+1(G)
which is N-graded and generated by elements in degree one. In the case of a right
angled Artin groupGΓ, there is a natural isomorphism of Lie rings gr(GΓ)≃ gΓ, see
[8], [9], [17, Thm. 3.4]. Moreover, Papadima and Suciu showed in [19, Cor. 9.6]
that if H1(∆Γ,Q) = 0, the inclusion map HΓ → GΓ induces a group isomorphism
H ′Γ → G′Γ and an isomorphism of the derived subalgebras of the N-graded Lie
algebras gr(GΓ)⊗ZQ and gr(HΓ)⊗ZQ. The approach of Papadima and Suciu
uses the theory of 1-formality [18], [17], [19]. We will not use techniques involving
1-formality in this paper but observe that 1-formality requires char(K) = 0. The
results in this paper are proved for a field K of an arbitrary characteristic.
Consider the K-Lie algebra LΓ = gr(GΓ)⊗ZK = gΓ⊗ZK for a fixed field K. Let
pi : LΓ → LΓ/[LΓ,LΓ] be the canonical projection and consider a non-zero linear
map χ : LΓ/[LΓ,LΓ]→ K. Put Iχ = pi−1(Ker(χ)). The living graph Γχ is the full
subgraph of Γ spanned by the vertices with non-zero χ-value. Let ∆Γχ be the flag
complex of Γχ . For a (possibly empty) clique w ⊆ Γ, lk∆Γ(w) is defined as either
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∆Γ if w=∅ or the link in ∆Γ of the simplex associated to w otherwise. We also set
lk∆Γχ (w) := lk∆Γ(w)∩∆Γχ .
Note that any codimension 1 ideal of LΓ is of the form Iχ for some χ . In the
following result we use homological methods to classify when those ideals are of
type FPn. A similar computation for Bestvina-Brady groups can be found in [12]
and for cocyclic normal subgroups of certain Artin groups in [6].
Theorem D. The Lie algebra N = Iχ is of type FPn if and only if lk∆Γχ (w) is
(n−1)-acyclic over the field K for every (possibly empty) clique w⊆ ΓrΓχ . For
w=∅ this translates to the flag complex ∆Γχ is (n−1)-acyclic over K .
This result together with Theorem A above yield a a complete classification of
the coabelian ideals M of L= LΓ which are of type FPn. A group theoretic version
for right angled Artin groups was proved by Meier, Meinert and van Wyk in [16]
as a corollary of their description of the Bieri-Neumann-Strebel-Renz Σ-invariants
for right angled Artin groups. In Theorem 3.5 in Subsection 3.1 we give a group
theoretic version of Theorem A for the right angled Artin group GΓ that involves
the Bieri-Neumann-Renz-Strebel Σ-theory.
We state two corollaries of Theorem D . The first of them, Corollary E below,
characterizes when the ideal Iχ is finitely generated as a Lie algebra. Although
it can be deduced from Theorem A, in Section 4 we show how to prove it using
only elementary combinatorial methods. For the statement, recall that we say that a
subgraph Γ1 of Γ is dominant in Γ if for every v∈V (Γ)rV (Γ1) there is w∈V (Γ1)
that is linked with v by an edge in Γ. This definition is important for the description
of the Bieri-Neumann-Strebel-Renz Σ1-invariant of a right angled Artin group G
given by Meier and van Wyk in [15], which was later generalised in [16].
Corollary E. The ideal Iχ of LΓ is finitely generated as a Lie algebra if and only if
Γχ is connected and dominant in Γ. In this case Iχ is generated as a Lie algebra
by Ker(χ).
Our second corollary to Theorem D can be viewed, in the specific case m = 2,
as a Lie algebra version of the results of Dicks and Leary in [7].
Corollary F. The N-graded Lie algebra gr(HΓ)⊗ZK is of type FPm if and only if
the flag complex ∆Γ is (m−1)-acyclic over K, i.e. Hi(∆Γ,K) = 0 for i≤ m−1.
In particular, Corollary F classifies when gr(HΓ)⊗ZK is a finitely presented Lie
algebra since for N-graded Lie algebra FP2 and finite presentability are the same.
Note that by [3] we know that the group HΓ is finitely presented if and only if
the flag complex ∆Γ is 1-connected and by Corollary F gr(HΓ)⊗Z K is a finitely
presented Lie algebra if and only if the flag complex ∆Γ is 1-acyclic. In the case
K =Q this was earlier proved using 1-formality by Papadima and Suciu in [19] .
Finally in Section 5 we use geometric methods to prove the following result,
which gives a sufficient condition for a coabelian ideal M of a right angled Artin
Lie algebra LΓ to be of type FPn.
Theorem G. Let L = LΓ and [L,L] ≤ M⊳L be an ideal of codimension k. Let X
be the set of all subsets of V (Γ) which generate complete subgraphs and Y ⊆ X the
set of those A ∈ X such that M ∩ LA has corank k in LA. Assume that lk|Y |(Z) is
(n− i−1)-acyclic for any Z ∈ XrY with |Z|= i. Then M is of type FPn.
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2. ON THE HOMOLOGICAL FINITENESS PROPERTY FPm OF N-GRADED LIE
ALGEBRAS
We denote by N the set of positive natural numbers and N0 = N∪{0}. An N-
graded Lie algebra L is the direct sum ⊕i∈NLi, where each Li is K-vector subspace
of L and [Li,L j] ⊆ Li+ j. Furthermore if each Li is finite dimensional we call L an
N-graded Lie algebra of finite type. Note that every finitely generated N-graded
Lie algebra L is of finite type. Furthermore an N-graded Lie algebra L is finitely
generated if and only L/[L,L]≃ H1(L,K) is finite dimensional.
Note that when L is an N-graded Lie algebra there is a natural N0-grading on
the universal enveloping algebra R =U(L) as ⊕i∈N0Ri where R0 = K.1 and Ri =
∑i1+...+i j=i, j≥1Li1 . . .Li j . An N0-graded R-module V = ⊕i∈N0Vi has the property
that ViR j ⊆ Vi+ j. From now we write graded R-module for N0-graded R-module
and a homomorphism ϕ :V = ⊕i≥0Vi →W = ⊕i≥0Wi between graded R-modules
is called graded if it is a homomorphism of R-modules and preserves the grading
i.e. ϕ(Vi)⊆Wi. Here and all along the paper, module means right module.s
One important property of a graded R-module V is that we have the following
version of the Nakayama Lemma: For an R-module V , V = 0 if and only if V ⊗R
K = 0 (see [22], note that although in [22] all graded Lie algebras and modules are
assumed to be of finite type this property remains true in general, i.e., if the graded
objects are not of finite type). Furthermore, V is finitely generated as R-module if
and only if V ⊗RK is finite dimensional (over K) , see [22, Section 2].
Lemma 2.1. Let L be an N-graded Lie algebra. Then L is of type FP2 if and only
if L is finitely presented (in terms of generators and relations).
Proof. The non-trivial direction is to show that when L is FP2 then L is finitely
presented. Note that for every Lie algebra L of type FP2 the homology groups
H1(L,K)≃ L/[L,L] and H2(L,K) are finite dimensional. In particular, since L/[L,L]
is finite dimensional, L is finitely generated and hence L is an N-graded Lie algebra
of finite type. By [22, (2.13)] if an N-graded Lie algebra L of finite type has finite
dimensional H2(L,K) = Tor
U(L)
2 (K,K) thenU(L) is a finitely presented graded as-
sociative algebra, hence L is a finitely presented Lie algebra. 
Let L be an N-graded Lie algebra. We say that L is graded FPm if there is a
graded projective resolution ( i.e. of gradedU(L)-modules with graded homomor-
phisms) of the trivial U(L)-module K, where all projective modules in dimension
smaller or equal to m are finitely generated.
Let L=⊕i≥1Li be an N-graded Lie algebra. An ideal N of L is a graded ideal if
N =⊕i≥1N ∩Li.
The following is a Lie graded algebra version of the pro-p-groups result [10,
Thm. A].
Proposition 2.2. Let L be an N-graded Lie algebra over a field K and N be a
graded ideal such that U(L/N) is left and right Noetherian. Then L is graded FPm
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if and only if Hi(N,K) is finitely generated as U(L/N)-module for every i ≤ m.
This implies that both graded FPm and ordinary FPm are the same property.
Proof. Suppose first that L is graded FPm. Then L is ordinary FPm. Any projec-
tive resolution P of the trivial U(L)-module K with finitely generated modules
in dimension up to m can be used to calculate the homology groups Hi(N,K) =
Hi(P ⊗U(N) K). Since P ⊗U(N) K is a complex of projective U(L/N)-modules
and up to dimension m all modules are finitely generated, using Noetherianess we
deduce that Hi(N,K) is finitely generated asU(L/N)-module for every i≤ m.
For the converse we built by induction on m ≥ 0 a free graded resolution P of
the trivial U(L)-module K with finitely generated modules in dimension up to m.
The case m = 0 is obvious. Suppose we have built the resolution up to dimension
m− 1, then we have an exact graded complex of right U(L)-modules ( i.e. all
modules and homomorphisms are graded)
P : 0→ Bm → Pm−1 → . . .→ P1→ P0→ K→ 0,
where P0, . . . ,Pm−1 are freeU(L)-modules. Consider the complex P⊗U(N)K. We
claim that
(1) Ker(Bm⊗U(N)K→ Pm−1⊗U(N)K)≃ Hm(N,K).
Indeed let
Q : . . .→ Qm+1 → Qm → Pm−1→ . . .→ P1 → P0 → K→ 0
be a free graded resolution of U(L)-modules (i.e. all homomorphisms are graded
and the modules are free). Since tensoring is right exact, the exactness of Qm+1 →
Qm → Bm → 0 implies that
Qm+1⊗U(N)K α−→Qm⊗U(N)K β−→Bm⊗U(N)K→ 0 is exact,
hence
Im(α) = Ker(β ).
Note that
Hm(N,K) =Ker(Qm⊗U(N)K→ Pm−1⊗U(N)K)/ Im(α) =
Ker(Qm⊗U(N)K→ Pm−1⊗U(N)K)/Ker(β )≃
β (Ker(Qm⊗U(N)K→ Pm−1⊗U(N)K)) = Ker(Bm⊗U(N)K→ Pm−1⊗U(N)K),
hence (1) holds.
Note that theU(L/N)-module Pm−1⊗U(N)K is finitely generated and sinceU(L/N)
is Noetherian Im(Bm⊗U(N)K→ Pm−1⊗U(N)K) is finitely generated too. This com-
bined with (1) implies that Bm⊗U(N) K is a finitely generated U(L/N)-module,
hence
(2) Bm⊗U(L)K is finite dimensional over K.
Recall that all modules and homomorphisms in P are graded, in particular Bm is a
gradedU(L)-module. Thus (2) implies that Bm is a finitely generated gradedU(L)-
module. Then we can choose Pm as any finitely generated graded freeU(L)-module
together with a graded epimorphism Pm → Bm.
Finally if L is ordinary FPm then the first paragraph of the proof implies that
Hi(N,K) is finitely generated asU(L/N)-module for every i≤m. Then L is graded
FPm. 
Applying the proposition for N = L we obtain
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Corollary 2.3. Let L be an N-graded Lie algebra over a field K. Then L is of
homological type FPm if and only if Hi(L,K) is finite dimensional for every i≤ m.
2.1. Cohomological finiteness of coabelian ideals.
Let M be a coabelian ideal of an N-graded Lie algebra L, i.e., an ideal such
that [L,L]≤M. In this subsection we will prove that the cohomological finiteness
properties of M can be determined by the cohomological finiteness properties of
all those codimensional one ideals N of L such that M ≤ N.
Proposition 2.4. Let R= K[x1, . . . ,xk] and S= K[x2, . . . ,xk] be commutative poly-
nomial rings. We view S as a left R-module via a surjective homomorphism of
K-algebras θ : R→ S that maps Kx1 + . . .+Kxk surjectively to Kx2+ . . .+Kxk.
Let P be a complex
P : . . .−→Pi ∂i−→ Pi−1−→ . . .−→P0−→0
of free R-modules. Then Hi(P)⊗R S embeds in Hi(P⊗R S).
Proof. Note that since Pi is a free R-module we have an exact sequence
0= TorR1 (Pi,S)→ TorR1 (Im(∂i),S)→ Ker(∂i)⊗R S αi−→Pi⊗R S
βi−→ Im(∂i)⊗R S→ 0
which is part of the long exact sequence in TorR∗ (−,S) applied to the short exact
sequence of R-modules
0→ Ker(∂i)→ Pi → Im(∂i)→ 0.
Using θ we can construct a free resolution of S as R-module
0→ R µ−→R θ−→S→ 0,
to see it note that Ker(θ) = yR 6= 0 for some y ∈ Kx1+ . . .+Kxk and set µ(r) = yr.
We use this resolution to calculate TorR1 (Im(∂i),S) i.e.
TorR1 (Im(∂i),S) = Ker(Im(∂i)
νi−→ Im(∂i)),
where νi is given by multiplication with y. Since Im(∂i) is an R-submodule of the
free R-module Pi−1 we deduce that Ker(νi) = 0, hence TorR1 (Im(∂i),S) = 0 and αi
is injective.
The short exact sequence of R-modules 0→ Im(∂i+1)→Ker(∂i)→Hi(P)→ 0
induces an exact sequence
Im(∂i+1)⊗R S γi−→Ker(∂i)⊗R S→ Hi(P)⊗R S→ 0.
Then
Hi(P)⊗R S ≃ (Ker(∂i)⊗R S)/ Im(γi).
Let {di = ∂i⊗ idS} be the differentials of P⊗S R. Then
di+1 = αiγiβi+1
and using that αi−1 is injective and βi+1 is surjective we get
Hi(P⊗S R) = Ker(di)/ Im(di+1) =Ker(αi−1γi−1βi)/ Im(αiγiβi+1) =
Ker(γi−1βi)/ Im(αiγi)⊇ Ker(βi)/ Im(αiγi) = Im(αi)/ Im(αiγi)≃
(Ker(∂i)⊗R S)/ Im(γi)≃ Hi(P)⊗R S.

Let R = K[x1, . . . ,xk] be a commutative polynomial ring. We can see R as a
graded ring, where x1, . . . ,xk have weight 1.
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Proposition 2.5. Let i ≥ 0 be a fixed natural number. Let R = K[x1, . . . ,xk] be a
commutative polynomial ring and P be a graded complex
P : . . .−→Pi ∂i−→ Pi−1−→ . . .−→P0−→0
of free R-modules, where each Pj is finitely generated for j ≤ i. Suppose that for
every K-algebra epimorphism θ : R→ S0 = K[v], where θ(xs) ∈ Kv for 1≤ s≤ k,
we have that Hi(P⊗R S0) is finite dimensional over K, where we view S0 as a left
R-module via θ . Then the homology group Hi(P) is finite dimensional over K.
Proof. From the very beginning we can assume that K is an algebraically closed
field, otherwise we consider the complex P ⊗K K over K[x1, . . . ,xk], where K is
the algebraic closure of K. Then Hi(P⊗K K)≃Hi(P)⊗K K is finite dimensional
over K if and only if Hi(P) is finite dimensional over K.
To prove the proposition we induct on k. The case k = 1 is obvious as S0 = R
and we can choose θ to be the identity map. Assume from now on that k ≥ 2 and
that the proposition holds for all polynomial rings on at most k−1 variables.
Let
R0 = R
θ0−→R1 = K[x2, . . . ,xk] θ1−→ . . .→ Ri = K[xi+1, . . . ,xk] θi−→
→ Ri+1 = K[xi+2, . . . ,xk]→ . . . θk−2−→Rk−1 = K[xk]
be epimorphisms ofK-algebras, where for each epimorphism θ j we have θ j(Kx j+1+
. . .+Kxk) = Kx j+2+ . . .+Kxk. Then by Proposition 2.4 Hi(P ⊗R R j)⊗R j R j+1
embeds in Hi(P⊗RR j+1). By the assumptions of Proposition 2.5 for S0 = Rk−1
and θ = θk−2 . . .θ0 we deduce that Hi(P⊗RRk−1) is finite dimensional over K.
On the other hand, if j ≥ 1 we consider P⊗RR j as a complex of free R j-
modules and as R j is a polynomial ring on less than k variables and for such
rings by induction Proposition 2.5 holds we conclude that Hi(P⊗RR j) is finite
dimensional over K. We claim that this implies the result. To see it, note that
by Proposition 2.4 Hi(P)⊗R R1 embeds in the finite dimensional K-vector space
Hi(P⊗RR1). Then the short exact sequence
0→ Hi(P)⊗R R1 → Hi(P⊗RR1)→ Q→ 0,
where Q = Hi(P⊗RR1)/Hi(P)⊗R R1 is finite dimensinal, induces a long exact
sequence
. . .→ TorR11 (Q,Rk−1)→ (Hi(P)⊗R R1)⊗R1 Rk−1 →
Hi(P⊗RR1)⊗R1 Rk−1 → Q⊗R1 Rk−1 → 0.
Note that since Rk−1 is a cyclic R1-module, by Noetherianess we can find a free
resolution of Rk−1 as R1-module, where each module is finitely generated. Using
this resolution to calculate TorR11 (Q,Rk−1) together with the fact that Q is finite
dimensional we deduce that TorR11 (Q,Rk−1) is finite dimensional. Since Rk−1 is a
cyclic R1-module and Hi(P⊗RR1) is finite dimensional over K we deduce that
Hi(P⊗RR1)⊗R1 Rk−1 is finite dimensional over K. This combined with the above
long exact sequence implies that (Hi(P)⊗R R1)⊗R1 Rk−1 ≃ Hi(P)⊗R Rk−1 is
finite dimensional over K too.
Suppose that Hi(P) is not finite dimensional. By Noetherieness Hi(P) is a
finitely generated R-module and as the complex P is graded, Hi(P) is a graded
R-module. Hence Hi(P) has an infinite dimensional graded quotient M = R/I, i.e.
I is a graded ideal in R. Moreover, again by Noetherianess, I is finitely generated
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so it is generated by a finite set of homogeneous polynomials f1, . . . , ft . For each
1≤ s≤ k consider the multiplicatively closed set ∆s = {xzs | z≥ 0}. Then
M∆−1s = K[y1, . . . ,ys−1,ys+1, . . . ,yk,y
±1
s ]/I∆
−1
s ,
where y j = x j/xs for j 6= i and ys = xs. Then since each f j is homogeneous we can
write f j = ydss g j(y1, . . . ,ys−1,ys+1, . . . ,yk) for some positive integer ds and some
polynomial g j for every 1≤ j≤ t. Write Js for the ideal ofK[y1, . . . ,ys−1,ys+1, . . . ,yk]
generated by g j for 1≤ j ≤ t. Then
M∆−1s ≃ (K[y1, . . . ,ys−1,ys+1, . . . ,yk]/Js)⊗K K[y±1s ].
If the localizationM∆−1s is not zero, we embed Js in a maximal ideal ofK[y1, . . . ,ys−1,
ys+1, . . . ,yk] and since K is algebraically closed any maximal ideal is generated by
{y j−λ j} j 6=s for some λ j ∈ K. Hence there is an epimorphism of K-algebras
ρs :M∆
−1
s → K[y±1s ]
that sends y j to λ j for j 6= s and ys to ys. Note that this map sends x j to λ jxs for
j 6= s and is the identity on xs = ys. The canonical mapM→M∆−1s composed with
ρs gives a graded epimorphism
ρs :M→ K[ys] = K[xs].
Consider the epimorphism γ = ρs ◦pi : R→ K[xs], where pi : R→M = R/I is the
canonical projection. Thus we can view K[xs] as R-module via γ and there is an
epimorphism of K-vector spaces
ρs⊗ id :M⊗RK[xs]→ K[xs]⊗RK[xs].
Furthermore consider the epimorphism
pi ⊗ id : R⊗RK[xs]→M⊗RK[xs]
and note that after identifying R⊗RK[xs] with K[xs] and identifying K[xs]⊗RK[xs]
with K[xs] (via the multiplication in K[xs]) , we get that pi ⊗ id is the inverse of
ρs⊗ id. In particular M⊗RK[xs]≃ K[xs] andM⊗RK[xs] is infinite dimensional as
K-vector space.
Recall that Hi(P)⊗R Rk−1 = Hi(P)⊗R K[xk] is finite dimensional. By per-
muting the variables x1, . . . ,xk, we have that Hi(P)⊗RK[xs] is finite dimensional,
where K[xs] is a left R-module via an arbitrary epimorphism R→ K[xs] that sends
Kx1+ . . .+Kxk onto Kxs. Note that M⊗RK[xs] ≃ K[xs] is a quotient of the finite
dimensional Hi(P)⊗RK[xs], a contradiction.
Hence for every 1≤ s≤ k we have that M∆−1s = 0. Thus there exists a positive
integer zs such that xzss ∈ I, so xs ∈
√
I. Then
(x1, . . . ,xk)⊆
√
I,
hence the radical
√
I has finite codimension in R = K[x1, . . . ,xk] (in fact codimen-
sion 1). Note that by Noetherianess there is a positive integer z such that
√
I
z ⊆ I
and each
√
I
j
/
√
I
j+1
is a finitely generated R/
√
I-module, hence is finite dimen-
sional. Thus each R/
√
I
j
is finite dimensional and soM=R/I is finite dimensional,
a contradiction. 
We can now prove the main result of this section, which is Theorem A from the
introduction.
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Theorem 2.6. (Theorem A) Let L be an N-graded Lie algebra of type FPn such
that L=⊕i≥1Li and [L,L] =⊕i≥2Li and M be a proper ideal of L such that [L,L]≤
M. Then M is of type FPn if and only if for every Lie subalgebra N of L such that
M ⊆ N and dimK(L/N) = 1 we have N is FPn.
Proof. The easy part of the proof is to show that when M is FPn then each N is
FPn. Indeed since N/M is a finite dimensional abelian Lie algebra, it is FP∞, in
particular is FPn. This follows from the fact that U(N/M) is a Noetherian ring.
Then N is an extension ofM, an FPn Lie algebra, by N/M. As N/M is also of type
FPn, N is FPn as claimed.
Suppose now that each N is of type FPn. Note that since M is an ideal of L such
that ⊕i≥2Li = [L,L] ≤ M then M is also N-graded via M = (L1 ∩M)⊕ (⊕i≥2Li).
By Corollary 2.3M is of type FPn if and only if Hi(M,K) is finite dimensional for
i≤ n.
Let R be a free graded resolution of the trivial U(L)-module K with finitely
generated modules in dimension ≤ n. Set
P = Rdel ⊗U(M)K,
where the upper index del means that we have substituted the module in dimension
-1 with the zero module. This P is a complex of free R-modules, where R =
U(L/M) is a commutative polynomial ring. Then for i≥ 0
Hi(M,K)≃Hi(P)
and
Hi(N,K)≃ Hi(Rdel ⊗U(N)K)≃ Hi(P⊗U(N/M)K)≃Hi(P⊗U(L/M)U(L/N)).
Since N is FPn we have that Hi(P⊗U(L/M)U(L/N)) is finite dimensional for every
i≤ n and every N of codimension 1 in L. Then by Proposition 2.5 this implies that
Hi(P) is finite dimensional for i≤ n. 
Corollary 2.7. (Corollary C) Let L be a finitely presented N-graded Lie algebra
L=⊕i≥1Li that does not contain an ordinary non-abelian free Lie subalgebra and
[L,L] =⊕i≥2Li. Then [L,L] is a finitely generated Lie algebra.
Proof. By [21, Cor. 9.2] if L is a finitely presented soluble Lie algebra then every
ideal N of codimension 1 is finitely generated as a Lie subalgebra. The proof of
[21, Cor. 9.2] needs solubility only to exclude the possibility that L contains an
ordinary non-abelian free Lie subalgebra. Thus we can use the same argument
here and we can apply Theorem 2.6 for M = [L,L] and n= 1 together with the fact
that a Lie algebra is finitely generated if and only if it is of type FP1. 
3. LIE SUBALGEBRAS OF TYPE FPn IN LΓ
Let Γ be a finite graph with no loops or double edges. Denote by x1, . . . ,xm the
set of vertices V (Γ) of Γ and let G=GΓ be the right angled Artin group associated
with Γ and
L= LΓ = gr(GΓ)⊗ZK.
Let
V = Kx1+ . . .+Kxm
be a K-vector space with a basis x1, . . . ,xm. We identify V with L/[L,L] and let
χ :V → K
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be a non-zero K-linear map. Put
Iχ = pi
−1(Ker(χ)),
where pi : L→ L/[L,L] is the canonical epimorphism. For example if χ(xi) = 1
for all i and Γ is connected then Iχ is precisely gr(HΓ)⊗Z K, where HΓ is the
kernel the epimorphism G→ Z that sends each xi to 1. This follows from the fact
that for a connected finite graph Γ by [18, Thm. 5.6] the inclusion map HΓ → GΓ
induces an isomorphism of Lie algebras [gr(HΓ),gr(HΓ)]≃ [gr(GΓ),gr(GΓ)]. And
in the general case Iχ is a codimension one ideal of L. Moreover, since L=⊕i≥1Li
and [L,L] = ⊕i≥2Li we deduce that Iχ = (Iχ ∩ L1)⊕ (⊕i≥2Li) is an N-graded Lie
algebra.
We fix an order in the set the vertices of V (Γ). Recall that the flag complex ∆Γ
associated to the graph Γ is the complex obtained from Γ after gluing a simplex to
every non empty clique of Γ, i.e. an n-cell of ∆Γ is (v1, . . . ,vn), where the vertices
v1, . . . ,vn are all pairwise linked in Γ and v1 < v2 < .. . < vn.
The following complex is the well known minimal resolution of the trivialU(L)-
module K (see [11] Subsection 2.4).
(3) PΓ : . . .
∂n+1−→Pn ∂n−→Pn−1 ∂n−1−→ . . . ∂1−→P0 ∂0−→K→ 0,
where
Pn =
⊕
σ⊆Γ
cσU(L)
and the sum is over all the cliques σ of Γ with |σ | = n. Here each cσU(L) is a
copy of the free right U(L)-module, c∅ = 1K , P0 = c∅U(L) =U(L) and ∂0 is the
augmentation map. For higher degrees the differential is
∂n(cσ ) = ∑
r
(−1)r−1cσr{vir}vir ,
where σ = (vi1 , . . . ,vin).
The link of a vertex v in a graph is the subgraph spanned by all those vertices
different from vwhich are linked to it. This definition extends to subsets of vertices
by taking the intersection of all the links of the vertices in the subset. In the case
of the empty set, the link is the graph itself. This definition can be extended to
simplicial complexes: the link of a simplex s in a simplicial complex C is the
subcomplex ofC consisting of the simplices t that are disjoint from s and such that
both s and t are faces of some higher-dimensional simplex inC, equivalently, such
that s∪ t is also a simplex inC.
Consider the living graph Γχ i.e. the subgraph of Γ spanned by the vertices with
non-zero χ-value. Let ∆Γχ be the flag complex of Γχ and ∆Γ be the flag complex of
Γ. The flag complex of the link of a non-empty clique w in ∆Γ is the simplicial link
of the simplex spanned by the clique. We denote this complex by lk∆Γ(w) (also in
the case when w=∅). Fix a possibly empty clique w⊆ ΓrΓχ and set
lk∆Γχ (w) = lk∆Γ(w)∩∆Γχ .
At this point, we can prove Theorem C. Recall that a spaceW is m-acyclic over
a field K if Hi(W,K) = 0 for all 0≤ i≤ m.
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Theorem 3.1. (Theorem D) The Lie algebra N = Iχ is of type FPn if and only if
lk∆Γχ (w) is (n− 1)-acyclic over K for every clique w ⊆ ΓrΓχ . For w = ∅ this
translates to the flag complex ∆Γχ is (n−1)-acyclic over K .
Proof. For i≥ 1 the homology Hi(N,K) is the homology of the complex PΓ⊗U(N)
K, where PΓ is the complex in (3). To describe this complex, note first that
Pn⊗U(N)K =
⊕
σ⊆Γ clique, |σ |=n
cσU(L)⊗U(N)K ≃Cn⊗KU(L/N),
where
Cn =
⊕
σ⊆Γ clique, |σ |=n
Kcσ .
As for the differential dn := ∂n⊗1d , identifying U(L)⊗U(N)K ≃U(L/N) with the
polynomial ring K[v], where for each vi ∈ V (Γ), vi⊗ 1 ∈U(L)⊗U(N) K is sent to
χ(vi)v we have
dn(cσ ⊗1) = ∑
r
(−1)r−1cσr{vir}vir ⊗1= ∑
r
(−1)r−1cσr{vir }⊗ χ(vir)v,
where σ = (vi1 , . . . ,vin).
To get an easier description of dn, we renormalize the K[v]-modules CnK[v] by
setting for each clique σ ⊆ Γ
cσ = c˜σ ∏
v∈σ ,χ(v) 6=0
χ(v).
From now on we write CnK[v] instead of Cn⊗ZK[v], and think of CnK[v] as a free
K[v]-module with free basis {cw}, i.e. the free basis ofCn. Then
dn(c˜σ ) = ∑
χ(vir ) 6=0
(−1)r−1cσr{vir}v.
Define Dn = Im(dn+1) and An = Ker(dn). Then
Hn(N,K) = An/Dn.
Consider the chain complex
C : . . .→Ci →Ci−1 → . . .→C0 = K→ 0,
with differential
d¯n :Cn →Cn−1
given by
d¯n(cw) = ∑
χ(vir ) 6=0
(−1)r−1cσr{vir },
thus d¯n(cw)v= dn(cw).
Denote by C• the complex obtained from C by shifting the index by -1 i.e. in
C• the module Cn is in dimension n− 1 and we write d̂n for its differential, thus
d̂n−1 = d¯n. Note that
Dn = Im(d¯n+1)vK[v] and An = Ker(d¯n)K[v].
Define Bn = Im(d¯n+1)K[v]. Then we have a short exact sequence of K-vector
spaces
(4) 0→ Bn/Dn → An/Dn → An/Bn → 0.
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Note that Bn/Dn ≃ Im(dn+1) = Im(d̂n) is a K-vector subspace of the finite dimen-
sional K-vector space Cn, hence Im(d̂n) is finite dimensional. Moreover
An/Bn ≃ (Ker(d̂n−1)/ Im(d̂n))⊗K K[v]≃ Hn−1(C•)⊗K K[v].
Hence the short exact sequence (4) gives a short exact sequence
0→ Im(d̂n)→ Hn(N,K)→ Hn−1(C•)⊗K K[v]→ 0
so Hn(N,K) is finite dimensional if and only if Hn−1(C•) = 0.
As N is N-graded, Corollary 2.3 implies that N is of type FPn if and only if
Hi(N,K) is finite dimensional for i≤ n. By the previous paragraph this is equiva-
lent to the (n−1)-acyclicity of the complex C•.
Fix a clique w= (vk+1, · · · ,vn)⊆ ΓrΓχ , i.e., all its vertices have zero χ-value
and consider the subcomplex C w• of C• spanned by those cσ , where
σ = (v1, . . . ,vk,vk+1, . . . ,vn)
is a clique in Γ with v1, . . . ,vk satisfying χ(vi) 6= 0 and w= (vk+1, · · · ,vn) the fixed
clique. Then C• is a direct sum of the subcomplexes C w• over all possible cliques
w⊆ ΓrΓχ .
Note that C∅• is the chain complex of the flag complex ∆Γχ of the living graph
Γχ and that cσ ∈ C w• if and only if σ = (v1, . . . ,vk) is a simplex in lk∆Γχ (w). Hence
Hn(C
w
• )≃ Hk(lk∆Γχ (w),K)
and
Hn(C•)≃⊕w Hk(lk∆Γχ (w),K),
where the sum is over cliques w⊆ ΓrΓχ .
Therefore C• is (n−1)-acyclic if and only if Hi(lkΓχ (w))⊗ZK = 0 for i≤ n−1
for any clique w ⊆ ΓrΓχ i.e. if and only if lkΓχ (w) is (n− 1)-acyclic over K for
any clique w⊆ ΓrΓχ .

Remark 3.2. The condition on the links of the statement of Theorem 3.1 (= The-
orem D) is equivalent with the acyclicity condition used in the statement of [16,
Main Thm.] that classifies when χ : GΓ → Z belongs to the Bieri-Neumann-Renz-
Strebel invariant Σn(GΓ,Z). Indeed, there is an obvious modification of the proof
of Theorem 3.1 for groups, where N is a subgroup of GΓ with GΓ/N ≃ Z. For a
field K this implies that Hi(N,K) is finite dimensional for i≤ n precisely when the
acyclicity condition used in the statement of Theorem 3.1 holds. By [19, Thm. 7.3]
Hi(N,K) is finite dimensional for i≤ n if and only if N is of type FPn (note this is
true in this specific case for a subgroup N satisfying GΓ/N ≃ Z and is not a gen-
eral statement). But by [16, Cor. A] N is of type FPn if and only if the acyclicity
condition used in the statement of [16, Main Thm.] holds.
Corollary 3.3. (Corollary F) Let N be the Lie algebra gr(HΓ)⊗ZK and ∆Γ be the
flag complex of Γ. Then N is of type FPn if and only if ∆Γ is (n−1)-acyclic over K
i.e. Hi(∆Γ,K) = 0 for i≤ n−1.
Proof. Note that N = Iχ , where χ(v) = 1 for every v ∈ V (Γ). Then Γ = Γχ and
by Theorem 3.1 N is FPn if and only if the flag complex ∆Γ = lk∆Γχ (∅) is (n−1)-
acyclic over the field K. 
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We recall next the statement of Theorem 2.6 for right angled Artin Lie algebras
LΓ. This result together with Theorem 3.1 gives a complete classification of the
coabelian ideals of LΓ which are of type FPn.
Corollary 3.4. Let L = LΓ = gr(GΓ)⊗ZK and M be a proper ideal of L such that
[L,L] ≤M. Then M is of type FPn if and only if for every Lie subalgebra Iχ of L
such that χ(M) = 0 we have that lkΓχ (w) is (n−1)-acyclic over K for any clique
w⊆ ΓrΓχ .
3.1. Kernels of higher codimension : the group case.
Next we prove the group theoretical version of Corollary 3.4 which involves
the Bieri-Neumann-Strebel-Renz Σ-invariants of a group G. By definition the Σ-
invariants are subsets of the character sphere S(G) = Hom(G,R)/ ∼, where two
characters (non-zero homomorphisms) χ1,χ2 : G→ R are equivalent χ1 ∼ χ2 if
and only if there is a positive real number r such that χ1 = rχ2. The equivalence
class of χ is denoted by [χ ]. If G/[G,G] has torsion-free rank n it is easy to see
that S(G) can be identified with the unit sphere Sn−1 in Rn. We omit details about
the Σ-invariants but note that there are known for few classes of groups including
the class of right angled Artin groups, see [16, Main Thm.]. Another fact that we
will need in the proof of the following theorem is that the equivalence of items
i) and iii) is precisly the statement of [4, Thm. B]. In this subsection we use the
Σ-invariants as a technical tool we need in order to prove that items i), ii) and iv)
from Theorem 3.5 are equivalent.
Recall that a group G is of type FPn if the trivial ZG-module Z has a projective
resolution with finitely generated modules in dimensions smaller or equal to n. If
such projective resolution exists then there is a free resolution with the same prop-
erty. In the case when GΓ/M ≃ Z the equivalence between i) and ii) in Theorem
3.5 was proved in [19, Thm. 7.3].
Theorem 3.5. For a normal subgroup M of the rigth angled Artin group GΓ that
contains the commutator the following conditions are equivalent:
i) M is of homological type FPn,
ii) Hi(M,K) is finite dimensional (over K) for i≤ n and every field K,
iii) [χ ] ∈ Σn(GΓ,Z) for any character χ : GΓ → R that vanishes on M,
iv) for every subgroup N of G such that M ⊆ N and GΓ/N ≃ Z we have that
N is FPn.
Proof. Note that i) is equivalent to iii) by [4, Thm. B].
The fact that i) implies ii) is obvious. Indeed, if P is a free resolution of the
trivial ZM-module Z with finitely generated modules in dimensions smaller or
equal to n then Hi(M,K)≃ Hi(P⊗ZM K) is finite dimensional ( over K) since the
modules of P⊗ZMK in dimensions smaller or equal to n are all finite dimensional
(over K).
We check that ii) implies iv). For any discrete character χ : GΓ → Z such that
χ(M) = 0, consider the Lyndon-Hochshild-Serre spectral sequence
E2p,q = Hp(Ker(χ)/M,Hq(M,K))
that converges to Hp+q(Ker(χ),K). Since Ker(χ)/M is a finitely generated abelian
group and Hq(M,K) is finite dimensional for q≤ n, we deduce that Hi(Ker(χ),K)
is finite dimensional for all i≤ n. By Theorem 7.3 from [19], N = Ker(χ) is FPn,
i.e. iv) holds.
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Finally, we claim that iv) implies iii). If χ : GΓ → R is a character (i.e. non-
zero homomorphism) such that χ(M) = 0, let χ0 : GΓ → Z be a discrete character
such that χ0(M) = 0 and Γχ = Γχ0 i.e. for v ∈ V (Γ) we have χ(v) = 0 if and
only if χ0(v) = 0. By [4, Thm. B] the fact that N = Ker(χ0) is FPn implies [χ0] ∈
Σn(GΓ,Z). Then by the description of Σn(GΓ,Z) in [16, Main Thm.] the property
Γχ = Γχ0 implies [χ ] ∈ Σn(GΓ,Z) if and only if [χ0] ∈ Σn(GΓ,Z). Thus iii) holds.

4. ELEMENTARY APPROACH FOR FINITE GENERATION OF Iχ
In this Section we give a proof of the criterion when Iχ is finitely generated as
a Lie algebra, i.e. Corollary E, using more elementary combinatorial methods and
avoiding homological arguments, i.e. not using Theorem D.
As before LΓ = gr(GΓ)⊗ZK for a graph Γ.
Lemma 4.1. Let Γ be a graph with m≥ 2 vertices and no edges and
χ :V → K
be a non-zero K-linear map for V = LΓ/[LΓ,LΓ]. Then Iχ is not finitely generated
as Lie algebra.
Proof. Note that in this case GΓ is the free group of rank m and gr(GΓ)⊗ZK is the
free Lie algebra Fn (over K) on m elements. And no proper ideal in Fn is finitely
generated as a Lie algebra [1, Theorem 3]. 
Recall that Γχ is the subgraph of Γ spanned by all vertices with non-zero χ-
value. We call Γχ the living subgraph with respect to χ . We say that a subgraph
Γ1 of Γ is dominant in Γ if for every v ∈V (Γ)rV (Γ1) there is w ∈V (Γ1) that is
linked with v by an edge in Γ.
Lemma 4.2. Let Γ be a finite graph.
a) Suppose that Γχ is not connected. Then Iχ is not finitely generated as a Lie
algebra.
b) Suppose that Γχ is connected but is not dominant in Γ. Then Iχ is not finitely
generated as a Lie algebra.
Proof. a) Let Γ0 be the set of connected components in Γχ . We view Γ0 as a
graph without edges and denote by [v] the connected component in Γ0 of a vertex
v ∈ Γχ . For every [v] ∈ Γχ choose one vertex v0 ∈ [v]. Define an epimorphism of
Lie algebras
pi0 : LΓ → LΓ0
given by pi0(w) =
χ(w)
χ(v0)
[v] if w ∈ [v] ∈ Γ0 and pi0(w) = 0 if χ(w) = 0 . Then
Ker(pi0)⊆ Iχ .
Note that Γ0 is a finite set of at least two disjoint points, hence we can apply
Lemma 4.1 to deduce that Iχ0 is not finitely generated, where
χ0 :⊕w∈Γ0Kw→ K
is a K-linear map induced by χ , i.e. χ0([v]) = χ(v0). Note that Iχ/Ker(pi0) ≃ Iχ0 ,
hence Iχ is not finitely generated.
b) Let v1 be a vertex of Γr Γχ that is not linked with any vertex from Γχ .
Consider the epimorphism
pi1 : LΓ → LΓ1 ,
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where Γ1 is the subgraph spanned by Γχ and v1 and pi1 sends every vertex of Γr
(Γχ ∪{v1}) to 0. Then Ker(pi1)⊆ Iχ and Iχ/Ker(pi1)≃ Iχ1 , where
χ1 : LΓ1/[LΓ1 ,LΓ1 ]→ K
is the restriction of χ .
Recall that Γχ is a connected graph. Let Γ2 be the graph with two vertices u1 and
u2 and no edges. Fix a vertex v0 ∈ Γχ and define the epimorphism of Lie algebras
pi2 : LΓ1 → LΓ2
v1 7→ u1, v 7→ χ(v)
χ(v0)
u2 for any v ∈ Γχ .
Note that Ker(pi2)⊆ Iχ1 . Finally we define a K-linear map
χ2 : LΓ2/[LΓ2 ,LΓ2 ]→ K
as induced by χ i.e. χ2(u1) = 0, χ2(u2) = χ(v0). Then Iχ1/Ker(pi2) ≃ Iχ2 and by
Lemma 4.1 Iχ2 is not finitely generated. Hence Iχ1 and Iχ are not finitely generated.

Proposition 4.3. If Γχ is connected and dominant in Γ then Iχ is generated as a
Lie algebra by a basis of the K-linear space Ker(χ), in particular Iχ is a finitely
generated Lie algebra.
Proof. Let T be a maximal tree in Γχ . Fix a vertex x1 in T and decompose T as a
union of geodesics γi that start at x1. Let vi,1 = x1,vi,2, . . . ,vi,s be the consecutive
vertices of the geodesics γi. Then define
(5) yi, j = χ(vi, j−1)vi, j− χ(vi, j)vi, j−1 ∈Ker(χ)⊆ Iχ
and note that the coefficients χ(vi, j−1) and χ(vi, j) are non-zero since vi, j−1,vi, j are
vertices in Γχ . Then by (5) we can write vi, j as a linear combination 1χ(vi, j−1)yi, j +
χ(vi, j)
χ(vi, j−1)
vi, j−1 and then repeat this for vi, j−1, vi, j−2 and so on until vi,2. This gives
(6) vi, j = λi, jx1+ ∑
2≤t≤ j
λi, j,tyi,t ,
where all coefficients λi, j,λi, j,t ∈ Kr{0}. Note that by (5) [vi, j−1,vi, j] = 0 implies
that [vi, j−1,yi, j] = 0 and using (6) for vi, j−1 we get
[λi, j−1x1+ ∑
2≤t≤ j−1
λi, j−1,tyi,t ,yi, j] = 0.
Thus
(7) [x1,yi, j] ∈ 〈{yi, j} j〉.
On other hand for xs ∈V (Γ)rV (Γχ) we have that χ(xs) = 0 and there is a vertex
vi, j ∈V (Γχ) such that there is an edge between xs and vi, j . Then [vi, j,xs] = 0, hence
by (6)
[λi, jx1+ ∑
2≤t≤ j
λi, j,tyi,t ,xs] = 0.
Then
(8) [x1,xs] ∈ 〈{yi,t ,xs}i,t,s〉.
Note that {yi,t}i,t ∪{xs}xs∈V (Γ)rV(Γχ ) is a basis of Ker(χ) as a K-vector space and
by (7) and (8) the Lie algebra 〈Ker(χ)〉 is an ideal in LΓ i.e it is the ideal Iχ . 
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Finally note that Lemma 4.2 and Proposition 4.3 imply Corollary E.
5. KERNELS OF HIGHER DEGREES : A SUFFICIENT TOPOLOGICAL CONDITION
In this Section we explain a more geometric approach that gives a sufficient
condition for the Lie algebra M from Theorem 2.6 to be of type FPn in the case
L= LΓ. Recall that as the universal enveloping algebraU(L) is a Hopf algebra, the
K-tensor product of two rightU(L)-modules is a rightU(L)-module via the comul-
tiplication ∆ :U(L)→U(L)⊗U(L) that sends a ∈ L to 1⊗ a+ a⊗ 1. Moreover,
if T ≤ L is a Lie subalgebra,W aU(T )-module and V aU(L)-module we have the
following Mackey-type formula i.e. an isomorphism of right U(L)-modules
(9) (W ⊗KV )⊗U(T)U(L)≃ (W ⊗U(T )U(L))⊗KV
that sends (w⊗v)⊗λ to ∑i(w⊗λi,1)⊗vλi,2, where ∆(λ ) = ∑iλi,1⊗λi,2, (see [11],
pages 8 and 9).
We use the isomorphism (9) to show
Lemma 5.1. Let M⊳L be an ideal of the Lie algebra L and T ≤ L a subalgebra.
Assume that the inclusion of T in L induces an isomorphism of Lie algebras T/(T ∩
M)∼= L/M. Then there is an isomorphism of U(L)-modules
(K⊗U(T )U(L))⊗K (K⊗U(M)U(L))≃ K⊗U(T∩M)U(L).
Proof. Note there is an isomorphism of rightU(T )-modules
K⊗U(M∩T )U(T )∼=U(T/T ∩M)∼=U(L/M)∼= K⊗U(M)U(L).
Then using (9) forW = K,V = K⊗U(M)U(L) we obtain
(K⊗U(M)U(L))⊗K (K⊗U(T )U(L))∼= (K⊗U(M)U(L))⊗U(T)U(L)∼=
(K⊗U(M∩T )U(T ))⊗U(T)U(L)∼= K⊗U(T∩M)U(L).

Lemma 5.2. Let Λ be any associative ring and W a Λ-module fitting in an exact
chain complex
Ker(δ )→ Dn δ→ Dn−1 → . . .→ D0 →W → 0
such that each Di is a Λ-module of type FPn. ThenW is of type FPn.
Proof. By induction on nwemay assume that Ker(D0→W ) is of type FPn−1. Then
there is a short exact sequence of Λ-modules 0→ Ker(D0 →W )→ D0 →W → 0
with D0 of type FPn and Ker(D0 →W ) of type FPn−1 and [5, Prop. 1.4] implies
thatW is of type FPn. 
Lemma 5.3. ([11, Lemma 2.8]) Let S ≤ L be a subalgebra of an arbitrary Lie
algebra L. Then S is of type FPn if and only if the induced U(L)-module K⊗U(S)
U(L) is of type FPn.
Recall that in this paper Γ always denotes a finite graph and LΓ is gr(GΓ)⊗ZK.
Theorem 5.4. Let [L,L]≤M⊳L be a codimension k ideal of the right angled Artin
Lie algebra L= LΓ. Assume that there is an exact chain complex of U(L)-modules
Ker(δ )→Cn δ→Cn−1 → . . .→C0 → K→ 0
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such that K is the trivial U(L)-module and each Ci is a finite sum of U(L)-modules
of the form
K⊗U(T )U(L)
for T ≤ L Lie subalgebras such that T ∩M has codimension k in T and T ∩M is of
type FPn. Then M is also of type FPn.
Proof. Tensoring the exact chain complex in the statement with K⊗U(M)U(L) we
get an exact chain complex
Ker(δ˜ )→ Dn δ˜→ Dn−1 → . . .→ D0 → K⊗U(M)U(L)→ 0,
where each Di is a finite sum of modules of the form (K⊗U(T )U(L))⊗K (K⊗U(M)
U(L)). As T/T ∩M is a vector space of dimension k, we see that T/T ∩M ∼= L/M
thus using Lemma 5.1 we deduce that each Di is a finite sum of modules of the
form K⊗U(T∩M)U(L). By the hypothesis that T ∩M is FPn together with Lemma
5.3 these modules are all of type FPn asU(L)-modules . Then Lemma 5.2 implies
that K⊗U(M)U(L) is of type FPn as U(L)-module and it suffices to apply Lemma
5.3 again to deduce that K is of type FPn asU(M)-module i.e. M is FPn . 
To construct a suitable chain complex to which we can apply the previous Theo-
rem we will use “parabolic" Lie subalgebras. Let Ω ⊆V (Γ) be a (possibly empty)
subset. The parabolic algebra of LΓ associated to Ω is the subalgebra of LΓ gener-
ated by Ω. It is isomorphic to the right angled Artin Lie algebra LΓ0 associated to
the full subgraph Γ0 ⊆ Γ generated by the vertices in Ω. Indeed, by [20, Thm. 6.3]
there is an isomorphism gr(GΓ)≃L (UΓ) of N-graded Lie algebras over Z, where
UΓ is an associative ring defined as the free Z-module with basis the free partially
commutative monoid MΓ generated by V (Γ) and L (UΓ) is the Lie ring (over Z)
obtained fromUΓ by defining the Lie operation as [u1,u2] = u1u2−u2u1. Note that
by [13] the embedding of Γ0 in Γ induces an embedding of GΓ0 in GΓ and this
induces an embedding of MΓ0 inMΓ. From now on, we will use the same notation,
LΩ or LΓ0 for subsets of vertices Ω or for subgraphs Γ0.
Now, consider the poset of all subsets of V (Γ) ordered by inclusion and assume
thatH is a subposet. Let |H| be the simplicial realization ofH , that is, the simplicial
complex with k-simplices σ : A0 ⊂ A1 ⊂ . . .⊂ Ak, where A0, . . . ,Ak ∈ H . We write
|σ | = k, call A0, . . . ,Ak vertices of σ and Ak the biggest vertex of σ . Then we
associate to the simplex σ the subalgebra Lσ := LA0 , i.e., the subalgebra generated
by the smallest of these subsets. Let m be the dimension of |H|. We define next a
chain complex ofU(L)-modules depending on H as follows. We set
CL(H) : 0→CLm(H)→ . . .→CLk (H)→ . . .→CL0 (H)→C−1(H) = K→ 0,
where
CLk (H) =⊕σ∈|H|,|σ |=kcσK⊗U(Lσ )U(L)
and the differential is given by
δ (cσ ) =
k
∑
i=0
(−1)icσi
where σi = σ r {Ai} for k > 0 and by δ (cσ ) = 1 for k = 0. We call CL(H) the
coset poset complex of H in L.
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Lemma 5.5. Let Γ be a complete graph, L= LΓ and X the poset of all the subsets
of Z := V (Γ). Then CL(X) is exact and there is a short exact sequence of chain
complexes
0→CL(X rZ)→CL(X)→ E(Z)→ 0,
where E(Z) is a complex with zero homology everywhere except of the top dimen-
sion |Z|.
Proof. 1) We show first that CL(X) is exact. We will define a homotopy
sk :C
L
k (X)→CLk+1(X),
which will be a homomorphism of rightU(L)-modules. For σ : A0 ⊂ A1⊂ . . .⊂ Ak
we write σ = (A0, . . . ,Ak) and we define
sk(c(A0,...,Ak)) = (−1)k+1c(A0,...,Ak,Z) if Ak 6= Z and sk(c(A0,...,Ak−1,Z)) = 0.
In dimension -1 we define s−1(1) = cZ . Then for k ≥ 0 and Ak 6= Z we have
(∂k+1sk+ sk−1∂k)(c(A0,...,Ak)) =
(−1)k+1∂k+1(c(A0,...,Ak,Z))+ ∑
0≤i≤k
(−1)isk−1(c(A0,...,Âi,...,Ak)) =
∑
0≤i≤k
(−1)k+1+ic(A0,...,Âi,...,Ak,Z)+c(A0,...,Ak)+ ∑
0≤i≤k
(−1)i+kc(A0,...,Âi,...,Ak,Z) = c(A0,...,Ak).
And for k ≥ 0 and Ak = Z we have
(∂k+1sk+ sk−1∂k)(c(A0,...,Ak−1,Z)) = (sk−1∂k)(c(A0,...,Ak−1,Z)) =
∑
0≤i≤k−1
(−1)isk−1(c(A0,...,Âi,...,Ak−1,Z))+ (−1)
ksk−1(c(A0,...,Ak−1)) = c(A0,...,Ak−1,Z).
Finally ∂0s−1(1) = ∂0(cZ) = 1, hence
∂k+1sk+ sk−1∂k = id.
This completes the proof of the fact that CL(X) is exact.
2) We will show now that E(Z) has zero homology except at the top dimen-
sion |Z|. Suppose Z =V (Γ) = {x1, . . . ,xm} and let Xi1,...,is be the poset of all sub-
sets of Zr {xi1 , . . . ,xis}. Denote by Li1,...,is the Lie subalgebra of L generated by
Z r {xi1 , . . . ,xis}. Denote by Rdel the complex obtained from a complex R by
substituting the module in dimension -1 with 0. Since CLi1,...,is (Xi1,...,is) is an exact
complex, the complex
R{i1,...,is} =C
Li1,...,is (Xi1,...,is)⊗U(Li1,...,is)U(L) is exact,
Rdel{i1,...,is} is a subcomplex of C
L(X rZ)del with
R
del
{i1,...,is}∩Rdel{ j1,...,it} = Rdel{i1,...,is}∪{ j1,..., jt}.
This induces an exact sequence of complexes
0→P →R{x1,...,xm}→ . . .→⊕I⊆Z,|I|=iRI →⊕J⊆Z,|J|=i−1RJ →
(10) . . .→⊕1≤i≤mR{xi}→CL(X rZ)→ 0,
where for I = {x j1 , . . . ,x ji} with j1 < .. . < ji, cσ ∈RI is send to ∑1≤t≤i(−1)tcσ ∈
⊕1≤t≤iRIr{xt} and P is a complex concentrated in dimension -1.
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By dimension shifting argument since (5) is an exact sequence of complexes and
all complexes in (5) except the first and the last are exact, we deduce that
H j(P)≃ H j+m(CL(X rZ)).
Finally using that CL(X) is an exact complex and dimension shifting argument for
the short exact sequence
0→CL(X rZ)→CL(X)→ E(Z)→ 0,
we obtain that
Hi−1(CL(X rZ))≃ Hi(E(Z)).
Thus
Hi(E(Z))≃ Hi−1−m(P)
and since the complex P is concentrated in dimension -1, H∗(E(Z)) is concen-
trated in dimension m, as required. 
Proposition 5.6. Let X be the poset of all the cliques of Γ. Then the chain complex
C(X) :=CL(X) is exact.
Proof. The case when the graph Γ is complete is Lemma 5.5. In the case when Γ is
not complete, choose v1,v2 ∈ Γ not linked by an edge. Let Γ1 be the subgraph of Γ
spaned by V (Γ)r{v2} and Γ2 be the subgraph of Γ spaned by V (Γ)r{v1}. Then
LΓ = LΓ1 ∗LΛ LΓ2 is the amalgamated product of Lie algebras, where Λ = Γ1∩Γ2.
Consider the short exact sequence associated to the amalgamated product.
(11) 0→ K⊗U(Λ)U(L)→ K⊗U(Γ1)U(L)⊕K⊗U(Γ2)U(L)→ K→ 0.
Note that arguing by induction we may assume that if X1 and X2 are the posets of all
the subsets of Γ1, resp. Γ2, that generate complete subgraphs, then the complexes
C(X1) :=CLΓ1 (X1) andC(X2) :=CLΓ2 (X2) are exact. Moreover, X1∩X2 is the poset
of all the subsets of Λ that generate a complete subgraph, so we may also assume
that C(X1 ∩X2) := CLΛ(X1 ∩X2) is exact. From these complexes we can get the
exact complexes C(X1)⊗U(LΓ1 )U(L), C(X2)⊗U(LΓ2 )U(L) and C(X1 ∩X2)⊗U(LΛ)
U(L). At this point we claim that using (11) one can show that there is a short
exact sequence of chain complexes
0→C(X1∩X2)⊗U(LΛ)U(L)→ (C(X1)⊗U(LΓ1)U(L))⊕ (C(X2)⊗U(LΓ2)U(L))
→C(X)→ 0
which implies thatC(X) is exact. To see this note that at each dimension k we have
a short exact sequence
0→Ck(X1∩X2)⊗U(LΛ)U(L)
ιk−→(Ck(X1)⊗U(LΓ1)U(L))⊕ (Ck(X2)⊗U(LΓ2 )U(L))
pik−→Ck(X)→ 0.
Here, ιk maps the copy of (K⊗U(Lσ )U(LΛ))⊗U(LΛ)U(L) = K⊗U(Lσ )U(L) corre-
sponding to each σ : Ao ⊂ . . .⊂ Ak in |X1∩X2| to the corresponding sum of copies
of (K⊗U(Lσ )U(LΓi))⊗U(LΓi)U(L) = K⊗U(Lσ )U(L), i = 1,2 via a 7→ (a,−a) and
pik maps each of the copies in either Ck(X1)⊗U(LΓ1)U(L) or Ck(X2)⊗U(LΓ2)U(L)
identically to the corresponding copy inCk(X). The facts that |X |= |X1|∪ |X2| and
that |X1∩X2| = |X1| ∩ |X2| imply that this is a short exact sequence. At degree -1
we have the short exact sequence (11). Then one easily checks that these maps
commute with the differentials of the chain complexes, so the claim follows. 
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Proposition 5.7. Let X be the poset of all subsets of V (Γ) that generate complete
subgraphs and Y ⊆ X a subposet with the property that for any A ∈ Y , B ∈ X with
A≤ B, we have B ∈ Y . Then there is a finite tower of chain complexes
CL(Y ) :=C(Y ) = D0 ⊆ D1 ⊆ . . .⊆ Dr =CL(X) :=C(X)
such that for each i there is a short exact sequence
0→ Di−1 → Di → T i → 0,
where
T i =
⊕
Z∈XrY,|Z|=i
T (Z),
T (Z)≃ (E(Z)⊗U(LZ)U(L))⊗K C˜K(lk|Y |(Z)),
C˜K is the augmented (ordinary) chain complex over the field K of a simplicial
complex and E(Z) fits in a short exact sequence
0→CLZ (XZrZ)→CLZ (XZ)→ E(Z)→ 0,
where XZ is the poset of all subsets of Z and by definition E(∅) = K. Moreover, if
lk|Y |(Z) is (n− i− 1)-acyclic over K for any Z ∈ X rY with |Z|= i, then T (Z) is
(n−1)-acyclic.
Proof. Let Di be the complex associated to the simplices σ : A0 ⊂ . . . ⊂ Ak such
that for 0≤ j ≤ k, |A j| ≥ i implies A j ∈ Y . Then
D0 ⊆D1 ⊆ . . .⊆ Di ⊆Di+1 ⊆ . . .
Each simplex σ : A0 ⊂ . . . ⊂ Ak we define σXrY : A0 ⊂ . . . ⊂ As−1 and σY : As ⊂
. . . ⊂ Ak, where each A0, . . . ,As−1 is in X rY and each As, . . . ,Ak is in Y . Then Di
is the complex of those simplices such that the biggest vertex As−1 of the simplex
σXrY is a set of cardinality at most i−1. This implies that if σ 6∈ Di but σ ∈ Di+1
then the biggest vertex of σXrY has cardinality exactly i. And from this we see that
we may decompose the quotient chain complex Di+1/Di as a direct sum of
Di+1/Di =⊕Z∈XrY,|Z|=iT (Z),
where T (Z) is a sum of the summands corresponding to cells σ having precisely
Z as the biggest vertex in σXrY . Note that the boundary of such a cell σ will be
either a cell in the same set or a cell that lies in Di and thus vanish in the quotient
Di+1/Di.
Now, the chain complex T (Z) is the following
T (Z) = (E(Z)⊗U(LZ)U(L))⊗K C˜(lk|Y |(Z)).
Recall that lk|Y |(Z) is a combinatorial subcomplex of |Y | that contais a cell σY :
As ⊆ . . .⊆ Ak from |Y | if σ0 : Z ⊂ As ⊂ . . .⊂ Ak is a cell in |X |.
Note that Lemma 5.5 implies that H j(E(Z)) = 0 for j 6= i = |Z|. At this point,
using Künneth Theorem and the fact thatU(L) is flat asU(LZ)-module we have
Hn(T (Z)) =
⊕
0≤ j≤n
H j(E(Z)⊗U(LZ)U(L))⊗K H˜n− j(lk|Y |(Z),K) =
⊕
0≤ j≤n
H j(E(Z))⊗U(LZ)U(L)⊗K H˜n− j(lk|Y |(Z),K).
Thus
Hn(T (Z)) = 0 for n≤ i−1
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and
Hn(T (Z)) = Hi(E(Z))⊗U(LZ)U(L)⊗K H˜n−i(lk|Y |(Z),K) for n≥ i,
so if lk|Y |(Z) is (n− i−1)-acyclic over K, then T (Z) is (n−1)-acyclic.

Corollary 5.8. (Theorem G) Let L = LΓ and [L,L] ≤M⊳L be an ideal of codi-
mension k. Let X be the set of all subsets of V (Γ) which generate complete sub-
graphs and Y ⊆ X be the set of those A ∈ X such that M∩LA has corank k in LA.
Assume that lk|Y |(Z) is (n− i−1)-acyclic for any Z ∈ X rY with |Z|= i. Then M
is of type FPn.
Proof. By Proposition 5.7 the complex CL(Y ) =C(Y ) is (n−1)-acyclic. Then by
Theorem 5.4M is of type FPn. 
Now we want to relate the condition of Corollary 5.8 with the condition of The-
orem 3.1 in the case when M has codimension 1 in L = LΓ = gr(GΓ)⊗ZK. To do
that, let pi : L→ L/[L,L] be the canonical homomorphism and χ : L/[L,L]→ K be
a non-zero K-linear map such that pi−1(Ker(χ)) =M and as in Theorem 3.1 denote
by Γχ the living subgraph of Γ. Let X and Y be as in Corollary 5.8.
Let Z ∈ XrY and for consistency with the notation of Theorem 3.1 we set n−k
for the cardinality of Z. Put
P1 = {A ∈ X | A∩V(Γχ) 6=∅,Z ⊆ A}
and
P2 = {∅ 6= B ∈ X | B⊆V (Γχ),Z ∪B ∈ X}.
Let f : P1 → P2 be given by f (A) = A∩V (Γχ) and g : P2→ P1 be given by g(B) =
B∪Z. Then f g(B) = B and g f (A) = (A∩V (Γχ))∪Z ⊆ A. Using [2] Lemma 6.4.5
this implies that the simplicial realizations |P1| and |P2| are homotopy equivalent.
Note that |P1|= lk|Y |(Z) and |P2|= lk∆Γχ (Z) = lk∆Γ(Z)∩∆Γχ . This implies that the
hypothesis of Corollary 5.8 are equivalent to the hypothesis of Theorem 3.1.
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